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We consider gravitational radiation and electromagnetic radiation from point mass binary with electric
charges in a Keplerian orbit, and calculate the merger rate distribution of primordial black hole binaries
with charges and a general mass function by taking into account gravitational torque and electromagnetic
torque by the nearest primordial black hole. We apply the formalism to the extremal charged case and find
that a = —(m; + m;)*0* In R(m;, m;)/dm;Om; = 12/11, which is independent of the mass function.
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I. INTRODUCTION

Primordial black holes (PBHs) [1-3] are those black holes
which are formed in the very early Universe. Some mech-
anisms have been proposed to produce PBHs, such as large
curvature perturbations generated during inflation
[4-8], domain walls [9,10], bubble collisions [11-13],
preheating instability [14], sound speed resonance [15]
and parametric amplication of curvature perturbations
[16]. Since LIGO detected black hole binary mergers,
PBHs, as a promising candidate for dark matter (DM), have
recently attracted much attention [17-33]. It is believed that
the gravitational wave (GW) events observed by the LIGO
detectors [34] could be explained by the coalescence of PBH
binaries.' By calculating the late-time merger rate of PBHs
which formed binaries in the late Universe, Refs [37,38]
claim that the PBH merger rate could match the merger rate
detected by LIGO if PBHs could account for all of the DM.
In fact, there are two kinds of mechanisms proposed for PBH
binary formation. One is that PBH binary formed in the late
Universe [37-39] while the other is that PBH binary formed
in the early Universe [40-53], that is expected to make the
dominant contribution to the PBH merger rate today.

The merge rate of PBH binaries with monochromatic
mass function is estimated through the three-body
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interaction [40—42]. Later, the merger rate of PBH binaries
is improved in [45] by taking into account the torques
exerted by all PBHs, but it is also assumed that all PBHs
have the same mass. The mechanism has recently been
developed for a general mass function by taking into
account the torques from the all PBHs [46,48,49]. A
formalism to estimate the effect of merger history of
PBHs on merger rate distribution has been developed in
[50]. Those works consider the merger rate distribution of
PBHs binaries by assuming that PBHs are Schwarzschild
black holes. However, in the general case, PBHs have spin
and charges. In this paper, we study the emission of
gravitational and electromagnetic waves from binaries of
charged black holes and find the merger rate density for
these binaries with arbitrary ratio of charge to mass and
wide range of masses. A simple ratio of characterizing
parameter a = —(m; + m;)*0* InR(m;, m;)/Om;0m; is
first derived in Ref. [44] to distinguish PBH and stellar-
origin BHs. For astrophysical mechanisms leading to black
hole mergers are generally expected to yield different
values. Reference [54] shows that the probability of merger
is proportional to (m; + m j)4 for binary black hole mergers
in dense star clusters, which implies @ =4. For the
uncharged PBH case, @ = 36/37 [48,49]. In this paper,
we find @ =12/11 which is independent of the mass
function for binaries of extremal charged black holes in
contrast to a = 36/37 for uncharged PBH binaries.
Charged black holes have attracted much attention
not only in theoretical study of Hawking radiation and
Schwinger effect but also in recent observations of GWs.
A nonextremal charged black hole emits all species of
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particles, neutral or charged, according to the Bose-Einstein
or Fermi-Dirac distribution with the Hawking temperature

([55] for a review). The Hawking temperature vanishes for
extremal charged black holes, which may literally cease the
evaporation. The Schwinger mechanism, however, triggers
pair creation of charged particles from extremal black holes
[56]. The leading Boltzmann factor is given by the effective
temperature for accelerated charges in the electric field on
the horizon [57], whose near-horizon geometry has a factor
of AdS, space.

When the horizon size of a PBH is smaller than the
Compton wavelength or classical radius of a charged
particle, the PBH cannot emit particles and may be a
candidate for dark matter [58]. For (near-) extremal charged
black holes, this is equivalent to the Breitenlohler-
Friedmann (BF) bound since the AdS, geometry near
the horizon gives the bound |Raqs|/2 > (gEy/m)? against
the Schwinger mechanism [57,59], which in turn gives the
BH size 2|g| > Ry for the charge g [60] and the mass
bound M < W/ —qm_*’ = These extremal PBHs have small
masses and may also be a candidate for dark matter. On the
other hand, in the early universe and beyond the standard
model, a dark quantum electrodynamics with heavy dark
electrons and massless dark photons, which couple to
electrons and photons of the standard model at renormal-
ization level, suppresses the Schwinger effect and allows
the extremal PBHs whose life time is longer than the age of
the universe [61]. These dark electric charges have a hidden
U(1) symmetry and are formally described by the same
Maxwell theory. In this paper we assume such scenarios for
extremal PBHs.

The paper is organized as follows. In the next section, we
calculate gravitational radiation and electromagnetic radi-
ation from point masses with charges in a Keplerian orbit.
In Sec. III, we derive the merger rate distribution of PBH
binaries with charges and a general mass function by taking
into account gravitational torque and electromagnetic
torque by the nearest PBH. In Sec. IV, we consider a
specific cases of extremal charged PBH binaries, we find
that « = 12/11, which is independent of the mass function.
The last section is devoted to conclusions and discussions.

In this paper, we choose units of ¢ =¢y=py=1.
Whenever relevant, we adopt the values of cosmological
parameters from the Planck 2018 results [62] and the scale
factor s(¢) is normalized to be unity at the matter-radiation
equality.

II. ELECTROMAGNETIC RADIATION AND
GRAVITATIONAL RADIATION

The point masses m; with charge Q; and m, with charge
0, have coordinates (d; cosy, d; siny) and (—d, cosy,
—d, siny) in the x-y plane, as shown in Fig. 1. Choosing
the origin to be the center of mass, we have

d; my, Qy

my, Q2

FIG. 1. A schematic picture of point masses with charges in a
Keplerian orbit.

d1=<—m2 )d, d2=<—’"1 )d, (1)
m1+m2 m1+m2

where d = d; + d, is the distance between the two point
masses. The total energy is given by

Gmim, 1 010 Gmymy
E=- — =- 1-4), (2
2a 4z 2a 2a ( ) (@)
where a is the semimajor axis and
1
_ Q1Q2 ) (3)
Az Gm]mz

Because the point masses make up a bound system, we
have 1 < 1. For the Kepler motion, the orbit equation,
angular velocity and angular momentum are given by

_a(l-é?)
d_l—f—ecosy/’ “)
my 4+ my)a(l —e2)(1 — 2)]'/2
zi/:[G( +m;) ([112 (=D (5)
L:\/E\/l—ezx/a\/l—/lmlmz (©)
\/m1+m2 ’

where e is the eccentricity. First, we compute the total
power radiated in electromagnetic waves. In our reference
frame where the orbit is in the x-y plane, the electric dipole
is given by

P =01x;+ 0rx;
_ myQy —m; 0,

m1+m2

Q) —mQ,

m . ~
dcosyk + — dsinyy,
my + my

(7)

where X is the unit vector along x and y is the unit vector
along y. The Lagrangian density of the electromagnetic
field is
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1
EEM — _ZFMVFMD — (EZ - B2) (8)

| =

The electric field £ and magnetic field B at r (r > d) are
[Fx (B x p)]. 9)

[Fx p. (10)

where 7 is the unit vector along r and ¢ = ¢ — r. Because of
emitting electromagnetic radiation, the system loses energy
and angular momentum. From

@,T’lgf\,{ = 0, EEM = / dx3T%?VI, (11)
|4

the rate of energy emission due to electromagnetic
radiation is

dEEM i 1 = 70i jjz
dr :—[/dx38,T%M:—£dAn,T%M:—a,

(12)

where Ty, is the energy-momentum tensor of the electro-
magnetic field. By using Eq. (7), we have the average
energy loss over an orbital period 7 due to electromagnetic
radiation

dEgy :l/T dt dEgy
dt / T/ dt
(e? +2)G*(1 = 2)*(myQ, — m; Q,)?

= , 13
127a*(1 — €%)>/? (13)

where

o 2ra®
! :A Y T A (14)

The angular momentum of the electromagnetic field
along the i axis is then given by Ji,, = (1/2)e'*JiX  From
the Noethers theorem, we have

j 0(jk
JJE];\/I :/d3x]E§\J/l>

oL . . _
= /d%{ EM (a0 A; — Fl(-Jk>) — a0 Loy,

9(9oA;)

where

u

dl =8, — S,  FUY =giak—gkal (16)

After a straightforward computation, we obtain
Jiy = / Px[=" (DpA,)XDA,; + eMABAL  (17)

where the first term is the orbital angular momentum and
the second term is the spin part. The density of the angular
momentum of the electromagnetic field is given by

Jim = —€*(0pA)) XA + eMADA,.  (18)

Let us consider electromagnetic waves propagating out-
ward from the two point masses. At time ¢ we consider
a portion of the wave front covering a solid angle dQ at
radial distance r from our source, and then at time ¢ + dt,
this portion of the wave front has swept the volume
d*x = r’drdQ = r*(dt)dQ. Since the angular momentum
of electromagnetic waves per unit volume is jiy, the
angular momentum carried away by electromagnetic waves
is given by

dTiy, = PdidQjiy,. (19)

Therefore the rate of angular momentum emission due to
electromagnetic waves is obtained by

dJ: . .
dF;M =- / r2dQ(—e™ (A ;)xF0'A; + €M ADHA)).
(20)
According to Appendix, we obtain
d]i eikl L
%Z _apkpl- (21)

For the orbit in the x-y plane, we have L =L,
L, =L, =0. Using Egs. (7) and (5), one has

_ VGV = sin(y)(myQ1 — mQ,)

P Vavl —e*\/m + m, -2

. G(1=2)cos(y)(ecos(y) + 1)?(my 0y — m Q)
pPr= a*(1 = &2)? ]
(23)
by = VGVT = (e + cos(y))(m;Qy — my Q) (24)

’ Va1 =&\ /i ’

L G(1 = 2)sin(y)(ecos(y) + 1)*(myQ, — m;Q5)

P2 = 2(1 =) .
(25)
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The rate of angular momentum emission due to electro-
magnetic radiation is given by

dJgm Lo
o :—a(l)zpl—mpz)
_ GYA(1=2) 2 (ecos(y) + 1) (my Q) —m; 0,)?

B 6ra>/?(1—e?)>/%\/m; +m,

(26)

For the angular momentum loss due to electromagnetic
radiation averaged one orbital period 7, we have

dlgy\ 1 /T 1 Veu
dt /| T ) dt

_ G =2PP(myQ, —m 0y)
B 6na>?(1 — e?)\/my +m;

(27)

The electromagnetic field or gravitational field carries away
a total angular momentum J, which is made of a spin
contribution and of an orbital angular momentum contri-
bution. This total angular momentum is drained from the
total angular momentum of the source, which, for our
binary system or any macroscopic source, is a purely orbital
angular momentum. So, the loss rate of the angular
momentum in the system due to electromagnetic radiation
is given by

dLEM . d‘]EM
dr /| \ dt
(1= )P (ms 0, =m0

= . (28
6ra>/?(1 — e?)\/m; + m, (28)

Now, we begin to compute the total radiated power in GWs.
In our reference frame where the orbit is in the x-y plane,
the second mass moment is given by a 2 x 2 matrix

>ab’ )

where p = m;m,/(m; +m,) is the reduced mass and
subscripts (a,b =1,2) are indices in the x-y plane.
Following [63], the radiated power of GWs can be
expressed in a rotation invariant form

cos’y  sinycosy

My _MJ2<

siny cos yr sin?y

P(y) :E[(M“+M22)2—3(M11M22—Mf2)], (30)
where the first term is the square of the trace and the second

term is the determinant of the matrix of M ij- Using Egs. (5)
and (29), one has the components of the matrix

B G3/2(1 —/1)3/2m]m2\/m] + my

1= a5/2(1 _ 62)5/2

x sin(2y) (e cos(y) + 1)2(3ecos(y) +4),  (31)

G2 (1 = 2)32mymy/my + my (e cos(yr) + 1)?

M, = - 20572 (1 = 2)5?

x (Secos(y) + 3ecos(3y) + 8cos(2y)), (32)
[T G2 (1 = )32 mymy/m| + my (e cos(yr) 4 1)?

n = (1= 2P

x sin(y)(e(3cos(2y) + 5) + 8cos(y)). (33)

So, we get
4GH(1 = 2)>m3m3(m; + my)(ecos(y) + 1)*

P(y) = ( )>mim;(m; 2)( (v) )

15a°(1 — ?)°
x (11e? cos(2y) + 13e? + 48e cos(y) + 24).
(34)
The energy of GWs is only well defined by taking an
average over several periods. In our case, a well-defined

quantity is the average of P(y) over one period 7. So we
can perform this time average to get the total radiated power

p=2 [Tap
=1 [ arw)

_ (37¢* +292¢2 + 96)G*(1 — 2)*mim3(m; + m,)
154°(1 — e?)7/?

(35)
The average energy loss over an orbital period 7 is given by
dEgw
dt
— P

(37¢* +292¢2 4 96)G*(1 — 2)*m3m3(m; + m,)
15a°(1 — €2)7/2

(36)

Following [64], the rate of angular momentum emission
due to GWs is given by

dL! 2G ., .
d(;W = _?elk1<MkaMla>‘ (37)

For the orbit in the x-y plane, we have L, =1L,
L,=L,=0.So, we get

dLew 4G .. . .
dC;W = ?<M12(M11 - Mpy)). (38)
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For the angular momentum loss averaged over one orbital
period T, we have

dhon) 1 [7 diow
d | T/ dt
_ _4(762 +8)G72(1 = 23> m3m3\/m| + m,

5072(1 = &2)? :

(39)

The total rate of energy and angular momentum emission
due to electromagnetic radiation and gravitational radiation

are given by
il G , 40
<dt> < dt > + < dt (40)

(@) p) o

Whatever ¢ ~0 or e ~ 1, we have

(o) ()
)
N 24n(7e* + 8)G*(1 — A)ymim3(my + m,)

Sa(l - 62)(m2Q1 - lez)2

(42)

The system spends most of the decay time in a state for
which a = ay where a; and ¢, are initial conditions of the
semimajor axis and the eccentricity. For a given a, and e,
the total rate of energy and angular momentum emission is
dominated by gravitational radiation or electromagnetic
radiation which depends on m;, m,, Q; and Q,. If
gravitational radiation is dominated, the coalescence time

S5at
0 ~
s 356G (1A mymamrmy) 10T €0 =0, (3)
GW 3a3(1_e§)7/2 for ~1
85G3 (1=A)Tmymy(mymy) > 10T €0 = L.

Similarly, if electromagnetic radiation is dominated, the
coalescence time

n'agml my

vy x| OO w00
EM ™ 4ﬂa(3)(l—e(2))5/2mlm2 for en =~ 1
o=1.

G(1-2)(my Q1 —m; Q5)*°

The coalescence time for two point masses with charges
can be approximated as

T= Min(TGw, TEM)' (45)

III. MERGER RATE DISTRIBUTION OF
PRIMORDIAL BLACK HOLE BINARIES
WITH CHARGES

Let us consider the condition two nearest PBHs with
masses m;, m; and charges Q;, Q; decouple from the
expanding Universe, assuming negligible initial peculiar
velocities in what follows. The total energy and angular
momentum of the bound system are

2 4r 2a  2a

:\/5\/1—62\/5\/1—im,~mj‘
,/m,-—i-mj

Considering the gravitational force, electromagnetic force
and the expansion of the Universe, the equation of motion
for their proper distance r in Newtonian approximation is
given by

E= (1-4), (46)

L

(47)

?—(H+H2)r+m—2bﬁ(l—/l):0, (48)
re|r
where m;, = m; + m; is total mass of the PBH binary and

the dot denotes the differentiation with respect to the proper
time. By defining y = r/x, we can rewrite Eq. (48) as

sh' +h
s2h

I 1x
(sh)** x|

where primes denote differentiation with respect to the
scale factor s, h(s) = H(s)/ (3 peg)"/? = V575 + 574, peq
is the energy density of the Universe at the matter-radiation
equality, and x is the comoving separation between these
two nearest PBHs. Here, the dimensionless parameter 1 is
given by

=0, (49)

o —

7+ (sy' —x)+

87PeqX’

d=—— 50
3my,(1—1) (50)
The solution of Eq. (49) derived in [45] implies the

semimajor axis a of the formed binary is given by
a=0.17x. (51)

Then the two PBHs which could form a bound system
come closer and closer, the surrounding PBHs, especially
the nearest PBH, will exert torques on the PBH binary. The
tidal force from other PBHs will provide an angular
momentum to prevent this system from direct coalescence
and form a highly eccentric binary. The angular momentum
L of the binary is estimated by multiplying the exerted total
torques ¢ from the nearest PBH with mass m; and charge
0O, by the free-fall time
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(52)
where the free-fall time is given by
x4
Prr R ———————. 53
72 /2Gmy, (1 = 2) (53)

The exerted total torque £ is made of the torque from the
gravitational force Z5y and the torque from electromag-
netic force Zgy. As illustrated in Fig. 2, y > x is the
comoving distance from the third PBH to the PBH binary
and @ is the angle between x and y. Here, we introduce a
dimensionless charge k

0
k= 54
VAarGm (54)
S0, k; represents \/% g The torque from the gravitational

force £y is given by

Cow = Cow + Cow
Gmmmxysin@  Gnmym;m;xy sin €

= — . (55

Using

20i02 2\}
y=sin<0 + ycos€+—x
my,

m x cos 6
Hry(1l+——], (56)
mpy
(y251n29 + (y cos — —x) )i
mp
xcos 6
~y <1 _ m) , (57)
mpy

we can rewrite Eq. (55) as

omQ

X
m;, Q; mj, Qj

FIG. 2. A schematic picture of the total exerted torques.

3Gm;m;m;x* sin 6 cos 0
Z/ﬂGW ~ - 3 . (58)
mpy

Similarly, the torque from the electromagnetic force £’gy is
given by

Gmym;m;xsin @

Fem~ = mby2
X <kjkl — kik; +M(m,k ik + mjk; k,))
(59)
The total torque # is given by
P Gmlm,-mj;c sin @ ’ (60)
mpy
where

F:kjk[—kikl+ (mkk1—|-m kkl mb). (61)

mpy

Now, we introduce a dimensionless angular momentum

ji=v1- e’ (62)
By solving
VGV 1 —Am;m;
[ = YIVG Gy (64)
£/ + mj
we can get
. x’mysin@ F| (65)
jr———"—|F|.
ymy(1 = 2)

For Schwarzschild black holes where k; = k; = k; =0,
we have

=3 m;x3 sin Hscos 0’ (66)
m
by

which is consistent with the result in [46]. The coalescence
time of PBH binaries derived in Sec. II can be estimated as

3614 i7
7 = Min
(85G3(1 — A)*mim;(m; +m;)’

a
G2(1 - Z)mimj(ki - kj)2> (67)

The probability distribution function of PBH masses and
charges P(m, k) is normalized to be
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/_1+l Am dmdkP(m, k) = 1. (68)

The abundance of PBHs with charges in the mass interval
(m,m+ dm) is

fP(m)dm, (69)

where

P(m) = /_ 1“ dkP(m, k). (70)

The fraction of PBHs in DM, fpu;, is related to the
total abundance of PBHs in nonrelativistic matter f by
fobh = pon/QRam = f/0.85. The average number density
of PBHs in mass interval (m,m + dm) at the matter-
radiation equality is given by

JP(m)dmpe,

n(m)dm = -

(71)

dP = P(m;, k;)dm;dk;P(m;, k;)dm;dk;P(m;, k;)dmdk, x

]

while the comoving total average number density of PBHs,
nr, is defined by

0 P(m
nr Efpeq/ dmﬁ. (72)
0 nm
For simplicity, we could define my, as
1 © P
L / am 2. (73)
Mpbh 0 m

So, n(m)/ny = P(m)myyy,/m is the fraction of the average
number density of PBHs with mass m in the total average
number density of PBHs.

To calculate the merger rate of PBH binaries, we have to
know the spatial distribution of PBHs. Assuming that the
spatial distribution of PBHs is random one, for the comoving
distances, x and y, in the intervals (x,x+ dx) and
(y.y +dy), PBH masses, m;, m; and m,, in the intervals
(mj,m; +dm;), (m;,m; + dm;) and (m;, m; + dm,), PBH
charges, k;, k; and k;, in the intervals (k;, k; + dk;),
(k. k; 4 dk;) and (k;. k; + dk;), and the angle 6, in the
intervals (6, 0 + d0), the probability is given by

3

The fraction of PBHs that have merged before the time ¢ is given by

G(tvmismj’ml’khkjykl)_/dXdyde

The merger rate density R(t, m;, m;,m, k;, k;, k;) is given by

R(ts mi’ mjv ml9 kl7k]’ kl) =

m
pbh Axx’nypdx2my? sin(@)andee_%>’3”T®(y —x).
m,-mjml
(74)
dp
Ot —1). 75
dxdydm dm dm,dk;dkdk,do (t=1) (75)
i Vo
1 nr . % l]m G(t—|—dt,m,»,mj,ml,ki,kj,kl)—G(t,mi,mj,ml,ki,kj,kl) (76)
2(1+ Zeq) di—0

where the factor 1/2 accounts for that each merger event
involves two PBHs. The merger rate distribution of PBH
binaries with charges are given by

R(l, ml,m]):/dmldkldk]dklR(t, mi,mj,ml,ki,kj,kl).

(77)

In this section, we develop a formalism to calculate the
merger rate distribution of PBH binaries with charges and a
general mass function by taking into account gravitational
torque and electromagnetic torque by the nearest primordial
black hole. It is suitable for any PBH masses and charges.

dt ’

[
For a given probability distribution function of PBH masses
and charges P(m, k), we can get the merger rate distribution
of PBH with charges. In the next section, we will apply the
formalism to the extremal charged case.

IV. EXTREMAL CHARGED PBH BINARIES

Reference [65] showed that a black hole evaporates or
radiate as an ideal thermal blackbody and the temperature
of black hole is only related to its surface gravity x via
T = k/(2z), while « only depends on three parameters:
mass M, electric charge Q, and angular momentum L.
A Schwarzschild black hole (Q = L = 0) with mass M less
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than M, ~ 5 x 10'* g has temperature T = 1/(8zM) and a
lifetime less than the age of the Universe. For a rotating
black hole, the angular momentum is emitted much faster
than energy, so a rapidly rotating black hole will quickly
become a nearly nonrotating state before most of its mass
has been given up [66]. In this section, we focus on PBHs
with masses M much smaller than M. Because of Hawing
radiation, those PBHs will quickly become extremal
charged black holes. Their mass function could be arbitrary
and only depend on their initial charge distribution. Thus
we choose the probability distribution function of PBH
masses and charges P(m, k) as

S(k—1) +6(k +1)
2

P(m,k) = P(m). (78)
Only two PBHs with opposite charge (1 = —1) could form
a bound system. The semimajor axis a, the dimensionless
angular momentum j and coalescence time 7 of the formed
binary can be approximated as

Arp. x*
a1 2Peat (79)
3mb
. x’my;sin@
jr—— (80)
yomy,
a3j5
N——. 81
! 8G*m;m; (81)

J
Applying the formalism in Sec. III, the merger rate
distribution of PBH binaries with charges are given by

where

R(l, m;, mj, ml)

~ P(m;)P(m;)P(m;)

1

=

x 4.69 x 106(Me)g(mimj)_%(ml)_%(mpbh)%fgbh
t -3 2

X <t_> Zz(m,- -+ mj)}_T, (83)
0

which can be interpreted as the merger rate density in unit
of Gpe™ yr™' Mg2. So, a=—(m; +m,)**InR(t,m;,m;)/
Om;Om;=12/11, which is independent of the PBH
mass function. By contrast, for uncharged PBH binaries,
a = 36/37 derived in [48,49].

In this section, we introduced a possible scenario to
produce extremal charged PBHs with masses much smaller
than M, ~5x 10'* ¢ and worked out the merger rate
distribution of those extremal charged PBHs. Those results

can be used to test extremal charged PBH as DM. And
those much lighter black holes can not be of stellar origin.
Moreover, the result is also valid for PBHs with mass
heavier than solar mass. For those extremal solar mass
PBHs with dark electric charges which have a hidden U(1)
symmetry and are formally described by the same Maxwell
theory [67], our result also can be used to distinguish
uncharged PBHs and extremal charged PBHs.

V. CONCLUSIONS AND DISCUSSIONS

We have calculated gravitational radiation and electro-
magnetic radiation from point masses with charges in a
Keplerian orbit and applied the result to work out the
merger rate distribution of PBH binaries with charges
and a general mass function by taking into account gravi-
tational torque and electromagnetic torque by the nearest
PBH. For the extremal charged case, we find that
a=—(m;+m;)?*InR(m;,m;)/Om;0m;=12/11, which
is independent of the mass function. PBHs are a natural
DM candidate without requiring physics beyond the stan-
dard model. There are many constraints for uncharged PBH
as all DM (see reviews [17,68]). However, there are no
observational constraints for such light and stable
extremal charged PBHs with mass much smaller than M, ~
5x 10 g as all DM. Such extremal charged black hole
could be tested as DM. Two extremal charged PBHs
could form a bound system only when they carry opposite
charges. These binaries have @ = 12/11. When they merger,
they burst gamma rays due to annihilation of charges and
become a nonextremal charged BH, which triggers striking
Hawking radiation. The gamma rays during the merger and
thereafter Hawking radiation from the nonextremal black
hole may be detected by future observations.

In our calculation, we assumed that the spatial distribu-
tion of PBHs is random one. An additional consideration in
calculating the merger rate is the cluster of PBHs which
could considerably change the merger rate [38,69-71]. This
is an interesting topic, but it is believed that, for Gaussian
initial conditions, the spatial distribution of PBHs is
Poisson distributed with no additional clustering.

Finally, we discussed physical properties of charged
black holes and their formation scenarios. In an asymp-
totically flat spacetime the Einstein-Maxwell theory has
the Kerr-Newman black hole with an angular momentum
L = jM and an electric charge Q and/or magnetic charge P
as well as a mass M. The extremal condition of M? =
j* + (Q* + P?) is achieved for a nonrotating black hole
with electric charge when M = Q. The hydrostatic equi-
librium for multicomponent fluids with charges allows
segregation of charges and gravitational collapse to form
pairs of Kerr-Newman black holes with opposite charges
[72-76] from high density plasma in the early universe.
Then, a Kerr-Newman black hole with mass M less than
M, can quickly lose its angular momentum, become a
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Reissner-Nordstrom black hole, and finally become an
extremal charged black hole through Hawing radiation
[66]. Gibbons argued [77] that black holes with electric
and magnetic charges end up as extremal ones. However, it
has recently been shown that even extremal charged black
holes emit charged particle through Schwinger mechanism
unless the BF bound holds which leads to Planck sized black
holes stable against both the Schwinger effect and Hawking
radiation [56]. Such an extremal charged black hole is stable
and may be a candidate of DM. When they merge, the GWs
signals are too weak to be detected by the present and near
future observatories. However, the burst of gamma rays
during the merger and the prompt Hawking radiation
thereafter may be detected by telescopes. Our calculation
may be used to test extremal charged PBHs as a dark mater
candidate. The charged black hole has lots of implications to
astrophysics and cosmology [78]. We have not included the
emission of charges from extremal black holes, which goes
beyond the scope of this paper and requires a further study.

In the early universe with a large Hubble constant,
nonrotating charged black holes have both the event
horizon and the cosmological horizon, which depend on
the de Sitter radius, and the effect of the de Sitter space on
Hawking radiation cannot be neglected [79,80]. The
Schwinger mechanism from charged black holes in de
Sitter space also differs from that of charged black holes in
the asymptotically flat spacetime in that the Hubble radius
affects the effective temperature for Schwinger mechanism
and the emission of charges from the cosmological horizon
affects that from the event horizon itself [81]. The detailed
description requires a quantitative study.

Another scenario beyond the standard model for
extremal PBHs is the dark quantum electrodynamics with
dark electrons and photons, whose suppressed Schwinger
effect gives the life time of PBHs longer than the age of the
universe [61]. Still another scenario is the formation of
black holes from gauge fields during the inflation [82]. We
leave all these topics for future works.
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APPENDIX

1. Angular momentum emission

The rate of angular momentum emission due to electro-
magnetic waves is

dlJi . .

T‘“;M = - / r2dQ(—e™ (A ;)xF0'A; + €M ADHA)).
(A1)

Here, we introduce a general direction dipole as given by

p(n) = Pyy(n)pi(t = 1) (A2)
where P;; =6;; —n;n; is a projection operator that
enforces the transversal gauge in the n-direction. Thus,
we can get

-l
i =

Pijp;
4ar

(A3)

We have 'f(1—r) = —nif and e*'n*n! =0, so for the
orbital angular momentum term, we have

ikl
Ling =~ rpapa / dQPPaRk ' PP (A4)
(47)
By using
1
alpbd — ——le(édmnb + 5hmnd)’ (AS)
r
a4 s
dQnn :§m3 , (A6)
we can get
N ikl
Ley = —— Pibr- A7
EM 127 14941 (A7)
For the spin contribution, similarly, we have
.. _ ikl L odk €ikl
SEM = —— Dol dQPY P = — Depi- (A8
BM = (g PaPa / o Prbr (A8)
Finally, we obtain
dJiy ekl
= —— DiDr- A9
dr 61 PrPi (A9)

2. The coalescence time

The total rate of energy and angular momentum emission
due to electromagnetic radiation and gravitational radiation
are given by

()= () + (%)

According to (46) and (6), we have

(A10)
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2(37e* +292¢* + 96)G* (1 — 1)>mymy(my + m,)
1543(1 — €2)7/2
(¢ +2)G(1 = ) (myQ, — m 1 0,)°

_ , All
6wa*(1 — e*)>?mm, (All)

da _
dr

de  e(121e* +304)G*(1 — A)*mymy(my + my)
dr 15a*c>(1 — €2)3/?
_ eG(1 = 2)(myQy —m 0,)
dra*(1 — >3 mym,

(A12)

If electromagnetic radiation is dominated, (A11) and (A12)
become

da (2 +2)G(1 = 2)(myQ, — mQ,)?

=- , Al3
dt 6za>(1 — e*)>?mym, (A13)
ﬁ:_eG(l_l)(m2Ql_le2)2‘ (A14)

dt dra®(1 — e*)3>mym,

So, we can get
da 2ae’+4a

—_— = Al5
de 3e-3é3 ( )

This equation can be integrated analytically, and gives

4/3
Cop€
el (A16)
where ¢, is determined by the initial condition a = q,
when e = ¢;. We now compute the time to coalescence,
7em(ag, €p), of a binary system that, at an initial time
to = 0, has semimajor axis a, and eccentricity e,. When

eo = 0, we found

_ _ 2
da __G(1 ﬁ)(mng m;Q,) (A1)
dt 3rna m;m,

majmymy,

G(1 = 2)(myQy —mQ0y)*

Tem(ag, €9 = 0) = (A18)

For an elliptic orbit, we can integrate (A13) requiring
a(t) =0 at t = tgp(ag, €y) or, equivalently, we can inte-
grate (A14) requiring e(z) = 0 at t = tgyp(ag, €g), since we
have seen that at the coalescence e goes to zero. Since the
analytic expression for a(e) is simpler than the form of the
inverse function e(a), it is in fact better to use (Al5),
so we get

/TEM(ao»%) 4er1m2
dt = — 5
0 G(1 =) (my Q1 —m Q)

0 3(e)(1 — £2)3/2
% / dew, (A19)
e e
471(\;% - Z)mlmzag(l —e3)?
Tem(ag. €g) = 3 (A20)
G(1 = 2)(my Q) — m;Qy)
For ey ~ 1, we have
drad (1 — e2)5/2
tem(ao, €) & may(L = ep) Fmym, (A21)

G(1=2)(my 0, - lez)z'

If gravitational radiation is dominated, (A11) and (A12)
become

2(37e* +292¢* 4+ 96)G3 (1 — A)2m m,(m; + m,)
1543(1 —€?)7/? '
(A22)

da_
dt

ﬁ o _6(12162 + 304)G3<1 —ﬂ)zmlmz(ml + mz)

dt 15a*c3(1 — €?)%/? '
(A23)
So, we can get
da _ 2a(37e* +292¢* +96) (A24)
de  e(121e* + 183> —304)
12/19 121 2 304 870/2299
ale) = coe 7 (121e _: ) . (A25)
1—e
When ¢, = 0, we found
ﬁ B _64G3(k + l)zmlmz(ml + m2) (A26)
dr 543 ’
5al
,eq=0) = 0 :
“ow(do: 0 = 0) 256G3 (1 — A)2m my(my + my)
(A27)
For ¢y ~ 1, we have
3614(1 _ 62 7/2
Tow(dao, €o) ~ : o) (A28)

85G3(] —ﬂ)2m1m2(m1 + m2) )
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